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Abstract 
Call a regular space X Pin(n) if every < n-to-l continuous regular preimage of X is normal. We 
investigate Pin(n) for K < w. Some of our results include: Pin( 1) spaces are hereditarily normal, 
every subset of a Pin(w) space is a Gs, and there is a ZFC example of a Pin(l) space that is not 
Pin(2). 
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1. Introduction 
Let 6 > 0 be a cardinal. We say that a regular space X is Pin(K) if whenever Y is 
a regular space and f : Y + X is continuous, onto, and < K-to-one, then Y is normal. 
By abusing notation, we say X is Pin(< w) if any finite-to-one regular preimage of X 
is normal. 
The question “Which spaces have normal preimages?” was apparently first considered 
by Au11 in [l], where the following elegant result is obtained. 
Theorem 1.1. Let (X, r) be a normal HausdolfSspace. Then every finer topology on X 
is normal if and only if every dense subset of X is open. 
Proof. (=s) We prove the contrapositive. Suppose that D c X is dense but not open. 
Then there is a point z E X \ D. Let p be the topology on X generated by T U {X \ D}. 
Then in (X, cr), D and {x} are not contained in disjoint open sets, so p is a finer topology 
on X that is not regular. 
(+) Suppose that every dense subset of (X, 7) is open and that p is a topology on X 
that is finer than 7. Notice that if H C X is a closed nowhere dense set in (X, p), then 
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H is also closed in (X, T): X \ H is dense in (X, p), hence dense in (X, T), so by our 
hypothesis, X \ H is open in (X, T). Since r G p, H is closed in (X, p). 
Now suppose that H and K are disjoint closed subsets of (X, p). Because it suffices 
to separate boundaries, we can assume that H and K are closed and nowhere dense. 
Thus, by the above remark, we have that H and K are disjoint closed subsets of (X, r), 
and so are separated in (X, r). Because T C p, we are done. 0 
This theorem gives us a sufficient condition for a space X to be Pin(l), but if preim- 
ages are not required to be regular, then even a one-point space will have a nonnormal 
countable-to-one preimage. Consider the set Q of rational numbers with the usual topol- 
ogy.ThesetD=Q\{l/ n: n E N} is dense but not open, so by Aull’s theorem, there 
is a finer topology on Q that is not even regular. Thus, in order to develop an interesting 
theory of normal countable-to-one preimages, we need to restrict ourselves to regular 
preimages. As the previous example shows, this comes at the cost of losing the necessity 
of Aull’s condition for the normality of a l-l preimage. 
In investigating Pin spaces, we will use many ideas, techniques, and examples from 
the theory of normal nonmetrizable Moore spaces. We assume that the reader is familiar 
with the basic examples; if not, Tall’s article [14] is an excellent reference. 
2. Basic properties 
Not surprisingly, the Pin spaces have many properties that are dual to those of spaces 
whose continuous regular images are normal (i.e., the ACRIN spaces). These spaces have 
been studied by Fleissner and Levy in [5,6], by Fleissner, Kuleza, and Levy in [4] and 
by the author in [11,9,10]. In [5], Fleissner and Levy showed that a space is ACRIN if 
and only if all of its closed subspaces are ACRIN. A stronger result is true in the class 
of Pin spaces. 
Theorem 2.1. Pin(K) is a hereditary proper@ 
Proof. Suppose that A 2 X, B is not normal, and f is a continuous < K-to-1 function 
from B onto A. Define a space Y with point set (X \ A) U B, topologized so that U & Y 
is open if and only if U n (X \ A) IS o p en in the topology X \ A inherits as a subspace 
of X and U fl B is open in B. Y is regular because it is the topological sum of regular 
spaces. Y is not normal because it contains the nonnormal clopen subspace B. In the 
obvious way, Y is a < K-to- 1 preimage of X. 0 
Because the Tychonov plank is a nonnormal wi -to- 1 regular preimage of any one-point 
space, we will only be interested in Pin(n) for K less than or equal to w. As an immediate 
corollary, we have: 
Corollary 2.2. If X is Pin(l), then X is hereditarily normal. 
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Let’s look at some examples. A countable-to-one regular preimage of a countable 
regular space is countable and regular, so countable regular spaces are Pin(w). Because a 
countable-to-one regular preimage of a discrete space is the topological sum of countable 
regular spaces, any discrete space is Pin(w). 
Let wi @ 1 be wi + 1 with the co-countable topology: points (Y < wi are isolated, 
while neighborhoods of WI are sets containing wi that are co-countable. Because any 
finite-to-one regular preimage of wr $1 has only finitely many nonisolated points, wi $1 
is Pin(< w). We will see later that wi $ 1 is not Pin(w), so Pin(< w) does not imply 
Pin(w). 
Reed has constructed a nonnormal regular space that is a l-l preimage of both wi and 
a particular wi -sized subspace of R (see [ 131). It follows that neither IR nor wi is Pin( 1). 
Van Douwen’s example C [15] is another nonnormal regular 1-l preimage of IF!. One 
can do a similar construction to show that 2w is not Pin(l). We will need this fact later, 
when we discuss products of Pin spaces. 
Part of the motivation for studying Pin spaces comes from the fact that it is difficult 
to determine when the topological sum of two ACRIN spaces is ACRIN. In fact, it is 
unknown if there is an ACRIN space X such that X + X is not ACRIN. The next result 
shows that “reversing the arrows” makes dealing with sums trivial. 
Proposition 2.3. If X is a locally $nite union of closed subspaces { Fi: i E I} and each 
Fi is Pin(K), then X is Pin(n). 
Proof. A space that is a locally finite union of closed normal subspaces is normal, and 
locally finite is preserved by inverse images. 0 
Corollary 2.4. Topological sums of Pin(K) spaces are Pin(K). 
As an example, consider a nonstationary subset E of WI, with the topology that it 
inherits as a subspace of wi with the order topology. E is a topological sum of clopen 
countable regular spaces, and so is Pin(w). 
In [9], we showed that a separable ACRIN space does not contain an infinite closed 
discrete set (i.e., is countably compact). Under a set-theoretic hypothesis, a similar result 
holds for separable Pin spaces. Recall that the spread s(X) of a topological space X is 
the supremum of the cardinalities of all discrete subsets of X. 
Theorem 2.5 (2w < 2w1). If X is separable, then Pin(l) implies s(X) = w. 
Proof. We prove the contrapositive. Suppose D is a countable dense subset of X and that 
E is uncountable and discrete. Without loss of generality, we can assume that En D = 0. 
Consider the subspace Y = E U D with the topology p generated by the union of the 
subspace topology on Y and {{d}: d E D}. Clearly, (Y, p) is regular, and in (Y, p), 
E is an uncountable closed discrete set and D is a countable dense set. Because we 
are assuming 2” < 2”‘, Jones’ Lemma implies that (Y, p) is not normal, so X is not 
Pin(l). 0 
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A corollary of this result is that under 2w < 2’4, no uncountable subset of the reals 
is Pin(l). In fact, we’ll prove a little more. Recall that a space X is Frechet-Urysohn 
(abbreviated FU) if whenever A C X and 2 E 2, then there is a sequence {a,: n E 
w} C A such that a, -+ IC. 
Corollary 2.6 (2w < 2W1). No uncountable separable FU space is Pin( 1). 
Proof. Let X be an uncountable separable FU space. Let D C X be dense. For each 
2 E X \ D, let d(z, n) be a sequence from D converging to 2. Re-topologize X so that 
points of D are isolated and so that { {z}U{d(z, n): n > m}: m E w} is a neighborhood 
base at 2 E X \ D. Clearly, X with this stronger topology is regular and contains the 
uncountable closed discrete set X \ D , so X with its original topology is not Pin( 1). (For 
future reference, also notice that this construction gives a space that is not < c-cwH.) 0 
Despite this result, there are many familiar spaces that are Pin(l). 
Proposition 2.7. Suppose X = D U I, where D is closed discrete and I is a set of 
isolated points. If X is normal, then X is Pin( 1). 
Proof. Notice that any dense subset of X must contain all points of I, and so is open. 
Thus by Aull’s theorem, X is Pin(l). 0 
Recall that Balogh’s ZFC Dowker space [2] is a countable union of spaces of the 
form X = D U I. Thus, a preimage of this space is a countable union of such spaces, 
each of which is still normal. By the same proof that the original space is normal, any 
regular preimage of Balogh’s Dowker space is normal. 
Corollary 2.8. There is a Pin( 1) space that is not countably paracompact. 
Some set-theoretic assumption in Theorem 2.5 is necessary, because a Q-set in the reals 
can be used to construct a separable Moore space with an uncountable ciosed discrete 
set that is Pin( 1). (A Q-set is an uncountable subset of the reals, every subset of which 
is a relative G6.) 
Theorem 2.9 (3 a Q-set). There is a separable Moore space with an uncountable closed 
discrete set that is Pin(l). 
Proof. The Moore plane constructed from a Q-set with points above the s-axis isolated 
is a normal space that is the union of an uncountable closed discrete set and a set of 
isolated points. 0 
3. Products of Pin spaces 
In contrast to the situation with sums, determining if a product of ACRIN spaces is 
again ACRIN is relatively easy (see [lo]). For example, a product of non-Lindelof spaces 
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is never ACRIN, and if the product of a compact space X and a non-Lindelof space 
Y is ACRIN, then Y is countably compact, and the tightness of X is at most the least 
cardinality of an open cover of Y with no smaller subcover (i.e., in the notation of [lo], 
t+(X) < cf(Y)). 
Products of Pin spaces are also relatively easy to work with. Our first result shows 
that it is enough to consider finite products. 
Proposition 3.1. If naEX X, is Pin(K), then all but finitely many of the factors are 
one-point spaces. 
Proof. If infinitely many factors have at least two points, then the product contains a 
copy of 2”, which is not Pin(l). 0 
Even in the case of finite products, it is quite difficult for a product to be Pin( 1). Given 
a nondiscrete space X, define A(X) = min{ IB]: B 5 X and B is not closed discrete}. 
We use this cardinal to give some indication of how difficult it is for the product of two 
spaces to be Pin(l). Our proof is based on an old result of Katetov [8]: If X x Y is 
hereditarily normal, then either X is perfectly normal, or every countable subset of Y is 
closed discrete. 
Theorem 3.2. Suppose Y is a nondiscrete space. If X x Y is Pin(l), then every subset 
of X can be written as the intersection of no more than A(Y)-many open subsets of X. 
Proof. We prove the contrapositive. Suppose A C X cannot be written as the intersection 
of fewer than K = A(Y)-many open subsets of X. Fix a B E [Y]” and a y E Y \ B such 
that y is an accumulation point of B. We construct a nonnormal l-l regular preimage 
2 of a subspace of X x ({y} U B). The point set of 2 is (X x B) U ((X \ A) x {y}). 
Points in (X \ A) x B are isolated. A neighborhood of a point (a, b) in A x B is a 
set G x {b}, where G is an open neighborhood of a in X. A neighborhood of a point 
z = (x, y) E (X \ A) x {y} is a set of the form: 
U(z,V) = {z} x v, 
where V is an open neighborhood of y in the topology {y} U B inherits as a subspace 
of Y. 
2 is clearly a regular l-l preimage of a subspace of X x ({y} U B). Note that 
H=AxBandK=(X\A)x{y} are disjoint closed sets. Suppose that G is an open 
set that contains H. Then we can write 
G = u Gb x lb), 
where Gb is open in X and contains A. Because A is not the intersection of IF, = / BI-many 
open subsets of X, there is a point 
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So (3, b) E G for each b E B, whence (IC, y) E ?? fl K. Therefore, H and K are not 
separated, and Y is not normal. 0 
Corollary 3.3. If X x (w + 1) is Pin(l), then every subset ofX is a Gg. 
Because X x (w + 1) is a countable-to-l regular preimage of X, this result in turn 
tells us something about the class of Pin(w) spaces. 
Corollary 3.4. (1) If X is Pin(w), then every subset of X is a Gb, In particulal; X is 
pelfectly normal. 
(2) Zf S is a stationary subset of w1 (with the topology it inherits as a subspace of w1 
with the order topology), then S is not Pin(w). 
(3) rf X is Pin(w), then X d oes not contain a subspace homeomorphic to (an w-to-l 
preimuge of) a stationary subset of WI. 
Note that Bing’s example G [3] is Pin(l) but not perfect. Also note that the space 
(Wl fB 1) x (Wl @ 1) is a product of Pin( 1) spaces that is again Pin( 1). 
At this point, one might reasonably conjecture (as did the author) that under 
MA+-CH, there are small subspaces of the reals that are Pin(w). We will later show 
this to be false in ZFC, but let us note that Reed has shown [13] that under MA +7CH, 
every WI-sized subset of Iw has a nonnormal regular l-l preimage, so that in fact no 
uncountable subspace of R is Pin( 1). 
4. More about Pin(w) 
ACRIN spaces are usually close to being compact. They tend to be either Lindelof, 
countably compact, or almost Lindelof (i.e., the non-Lindelbf closed sets form a filter- 
base). Heuristically, this is because if a space is far away from being compact, there is 
some freedom to move points around, so that one can arrange for a nonnormal continuous 
regular image. 
For Pin spaces, we have the opposite intuition - a Pin space should be almost discrete. 
Together with Corollary 3.4, the results of this section give a measure of the correctness 
of this intuition for the class of Pin(w) spaces. 
Recall that a closed discrete set D in a space X is separated if there is a pairwise 
disjoint family of open sets {Ud: d E D} such that d E Ud for each d E D. X is 
collectionwise Hausdofl(henceforth abbreviated cwH) if every closed discrete subset of 
X is separated. X is said to be < K-CWH if every closed discrete subset of cardinality 
at most 6 is separated. Finally, X is a-closed discrete if X is the union of a countable 
family of closed discrete sets. 
Theorem 4.1. IfX is normal, cwH, and a-closed discrete, then X is Pin(w). 
Proof. Let f : Y -+ X be countable to one, with X normal, cwH, and a-closed discrete 
and Y regular. Let H and K be disjoint closed subsets of Y. 
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Because X is cr-closed discrete, there is a countable family {Dn: n E w} of closed 
discrete subsets of X such that 
By normal and cwH, we can find, for each n E w, a discrete separation 
U, = {U;: d E Dn} 
of D,. For n E w, let V, = {Vdn: d E D,}, where Vf = f-‘(Uz) \ K. Then each V, 
is a discrete family of open sets, and for each d f D,, we have f-'(d) n H is countable 
and contained in Vdn, 
Now, by the shoelace lemma and symmetry, if we can find a countable open cover of 
H by sets whose closures do not intersect K, we will be done. To do this, it suffices to 
find a countable open cover of each set H,, = f-’ (Dn) n H by sets whose closures do 
not intersect K. 
So fix n E w, and for each d E D,, enumerate f-‘(d) n H as {h(d,m): m E w}. 
Then by regularity, each point h(d, m) has a neighborhood W(d, m) such that 
h(d, m) E W(d, m) C W(d, m) C VT. 
In particular, W(d, m) n K = 0. Set 
IV, = U W(d,m). 
dED, 
Because {V,“: d E Dn} is discrete, so is {W(d,m): d E Dn}. Thus, 
w, = U W(d, m) = U W(d,m), 
dED, dED, 
so that IV, n K = 0. This proves the theorem, because {Wm: m E w} is a countable 
open cover of H,, by sets whose closures do not intersect K. 0 
Note that Bing’s H [3] is Pin(l), a-closed discrete, and not cwH, so that Pin( 1) does 
not imply cwH. 
We have been able to obtain a partial converse to the above theorem. Results from 
[ 121 show that the parameter “< c” is the best possible in ZFC. 
Theorem 4.2. Zf X is Pin(w), then X is hereditarily < c-cwff. 
Proof. Because Pin(w) is itself a hereditary property, it suffices to show that Pin(w) 
implies < c-cwH. We prove the contrapositive. Suppose that D C X is a closed discrete 
set of cardinality at most c that is not separated. We construct a nonnormal < 2-to-1 
regular preimage Y of a subspace of X x (w + 1). 
Let {Aa: a < c} be an almost disjoint family of subsets of w. Let {a,(m): m E w} 
be the increasing enumeration of A,. 
Identify D with K. = 1 DI. Let K! = {ar’: a: < K} be a set of K-many points disjoint 
from X. The point set of Y is [(K U K’) x {w}] u (X x w). For notational convenience, 
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we identify (cr,w) with a and (a’,~) with o!. The topology on Y is as follows. Points 
not in K U IC’ are isolated. Neighborhoods of points CY E K and cy’ E K’ are sets of the 
form 
B(Q, (u,n)) = {a> U (u x {o,(m): m 3 n}) 
and 
B(cr’, (U,n)) = {a’} u (V x {k E w: k > a,(n) and k $ Aa}), 
where n E w and U is an open neighborhood of a in X. 
It’s easy to see that this defines a regular topology on Y that is a < 2-to- 1 preimage of 
a subspace of X x (w + 1). To show that Y is not normal, we will show that the disjoint 
closed sets rc and IE’ are not separated. Let r denote the family of open subsets of X, 
and let f : K -+ r x w and g : K’ -+ r x w code neighborhood assignments for K and K’. 
Define h: K + T by h(cu) = TQ(~(cY)) n ro(g(a’)). Then h codes a neighborhood 
assignment for r; in X. Because K is not separated, there are (Y < /? < IC such that 
h(a) n h(P) # 0. Take an 2 E h(cr) n h(P). 
Because A, and A0 are almost disjoint, there are infinitely many m E Ap \ A,. Take 
such an m > max{a,(nr (g(o’))), op(nt (f(P)))}. Then 
(xc, m) E B(o’, g(a’)) n B(P, f(P)), 
so f and g do not code a separation of K and K’, whence Y is not normal. 0 
A consequence of this result is that no uncountable subspace of lR is Pin(w). As in 
Corollary 2.6, the result is actually true for the class of separable FU spaces. 
Corollary 4.3. No uncountable separable FU space is Pin(w). 
Proof. Let X be a separable FU space, and perform the construction from the proof of 
Corollary 2.6. Notice that the space we obtain is a l-1 regular preimage of X that is not 
< c-cwH, so X is not Pin(w). q 
Corollary 4.4. No uncountable subspace of IR is Pin(w). 
5. Pin(l) versus Pin(2) 
The same technique of splitting points and neighborhoods used in Theorem 4.2 gives 
a ZFC example of a space that is Pin(l) but not Pin(2). 
Theorem 5.1. Pin( 1) does not imply Pin(2). 
Proof. Apply the proof of the Theorem 4.2 to Bing’s example H. 0 
One can use Heath’s V-space [7] to obtain a consistent example of a perfectly normal 
first countable Pin(l) space that is not Pin(2). 
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Theorem 5.2 (3 a Q-set). There is a normal Moore space X that is Pin(l) but not 
Pin(2). 
Proof. Let X be Heath’s V-space, constructed on a Q-set W of size WI with points above 
the x-axis isolated. For each w E W and m E w, let 
u(w, m) = {w) U {(x7 Y): (Y = w - x or y = x - w) and y < l/m} 
denote the mth basic open neighborhood of w. This space is not cwH, because the closed 
discrete set W is not separated; X is normal because W is a Q-set. By Proposition 2.7, 
X is Pin(l). 
We describe a < 2-to-1 continuous preimage of X that is not normal. Replace each 
point w in W with two points wl and w,. For each m E w, a neighborhood of WI is a 
set of the form 
B(wl,m) = {WI} U { (x,y): y = w - 2 and 0 < y < l/m} 
while a neighborhood of 20, is a set of the form 
B(w,,m) = {w,.} U {(x, y): y = x - w and 0 < y < l/m}. 
It’s easy to see that this space is a regular 6 2-to-l preimage of X. Let H = {w,: w E 
W} and K = {w,: w E W}. Suppose that f : H -+ w and g : K + w code open sets 
containing H and K, respectively. Define h: W --t w by h(w) = max(f(wl), g(w?)). 
Because W is not separated, there are w < w’ in W such that in X, 
V(w, h(w)) n U(w’, h(w’)) # 0. 
Let (x, y) be the point of intersection, then 
(GY) E +A@)) nB(w;,h(w’)) 2 B(wr,s(W~)) n+l,.f(wI)), 
so f and g do not code a separation of H and K. 0 
6. Questions 
We have seen that 2w < 2”’ implies that no separable FU space is Pin(l). Is it 
consistent that every separable space has a nonnonnal l-l preimage? 
In an opposite direction, is it consistent that some uncountable subspace of the reals 
or some stationary subset of wl (as a subspace of w1 with the order topology) is Pin(l)? 
We know that Pin( 1) does not imply Pin(2) and that Pin(< w) does not imply Pin(w). 
Does Pin(n) imply Pin(n + 1) for any n. such that 2 6 n < w? If X is Pin(n) for all 
n E w, is X Pin(<w)? 
Finally, all known examples of Pin(l) spaces are g-discrete; is there a Pin(l) space 
that is not u-discrete? 
188 T L.aBerge / Topology and its Applicutions 67 (1995) 179-188 
References 
[l] C.E. Aull, Initial and final topologies, Glas. Mat. Ser. III 8(28) (1973) 305-310. 
[2] Z. Balogh, A small Dowker space in ZFC, Preprint. 
[3] R.H. Bing, Metrization of topological spaces, Canad. J. Math. 3 (1951) 175-186. 
[4] W.G. Fleissner, J. Kuleza and R. Levy, Cofinality in normal almost compact spaces, Proc. 
Amer. Math. Sot. 113 (1991) 503-511. 
[5] W.G. Fleissner and R. Levy, Ordered spaces all of whose continuous images are normal, Proc. 
Amer. Math. Sot. 105 (1989) 231-235. 
[6] W.G. Fleissner and R. Levy, Stone-tech remainders that make continuous images normal, 
Proc. Amer. Math. Sot. 106 (1989) 839-842. 
[7] R.W. Heath, Screenability, pointwise paracompactness, and metrization of Moore spaces, 
Canad. J. Math. 16 (1964) 763-770. 
[8] M. Katetov, Complete normality of Cartesian products, Fund. Math. 36 (1948) 271-274. 
[9] T.J. LaBerge, ACRIN spaces, Ostaszewski spaces, and preservation of normality, PhD thesis, 
University of Kansas, Lawrence, KS (1992). 
[lo] T.J. LaBerge, Products of ACRIN spaces, in: Papers on General Topology and Applications 
- Seventh Summer Conference at the University of Wisconsin, Annals of the New York 
Academy of Sciences 704 (New York Academy of Science Press, New York, 1993) 238-245. 
[ 1 l] T.J. LaBerge, An ACRIN Dowker space, Topology Proc., to appear. 
[12] T.J. LaBerge, A space with normal preimages, Preprint. 
[13] G.M. Reed, The intersection topology w.r.t. the real line and the countable ordinals, Trans. 
Amer. Math. Sot. 297 (1986) 509-520. 
[14] ED. Tall, Normality versus collectionwise normality, in: K. Kunen and J.E. Vaughan, eds., 
Handbook of Set-Theoretic Topology (North-Holland, Amsterdam, 1984) 685-732. 
[15] E.K. van Douwen, A technique for constructing honest locally compact submetrizable 
examples, Topology Appl. 47 (1992) 179-201. 
